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Paysics 513, QUANTUM FIELD THEORY
Homework 6
Due Tuesday, 21" October 2003

JAcoB LEwIS BOURJAILY

1. For the following derivations it will be helpful to recall the following:

PY(t, &P = nar "o (t, —&);

Po(t, )P = i (t, )7
CyCt = —i(yy ")
CuC! = —i(+"7*)T;

T, H)TT = 7'y ¢(—t, D);

To(t, BT = —(—t, D)y'>.

a) We are to verify the transformation properties of A* = 1py*y%1) and TH = 1pot¥+) under
P.

Let us first consider the axial vector A*.
PAFPY = Pyt Py Pt = 02y vy nay e,
= p7°9#9°4%,
= =" 7"7°%,
= _"/}7;/75w = _A;r
The last step can be seen by noticing that

VOyta° = { ZMW u :‘f;g } = Yp-
Now we will consider the transformation of the tensor T#".
PTH P = Piar P = iin o 0y,
= 7 %,
= Yo = Th
Similar to the axial vector case, the last step is a result of directly verifying the identity

{J‘“’ u,u#Ooru,V:O}
=0

i
Pty = S (VY =AY =0 T e o Lory =0

2
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b) We are to verify the transformation properties of V* = ¢y*1) and A* = ¢y*~%¢ under C.
Let us first consider the transformation of the vector V¥.

CVICT = CyyCl = —i(709%) Ty (—i) (y"?)T,
= — 7 ° YTy %y,
= P72y %,
= -yt =-VH
Let us now consider the axial vector A*.
CAHCT = Cy" v uCT = —i(Y°7*0) Ty#y® (=) (v °7)T,
= 97",
e e i G A B8
= 97",
= 7"y 0%,
= PytySyp = A*.
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c) We are to confirm the transformation properties of P = i9)7°1 and V# = 1)yt under 7.
First let us consider the transformation of the pseudo-scalar P.
TPT' = Tipy YT = —i(=dy' 7" )7° (v'%),
= i7"y,
= i = —P.
Let us now consider the transformation of the vector V*.
TVIT! = TPy T = Py°y iy y iy,
= @V;ﬂﬂ = Vu~
omep €del Setfou
a) We are to demonstrate the transformation properties of V# and A", as previously defined,
under CP.
We have almost computed every detail necessary for our solution in question (1) above.

The only transformation that we have not yet confirmed is the transformation of the vector
V# under P. Let us compute that now.

PVHPT = Pty Pt = ipy® 0,702,
= Py0yHy 0%,
= ?!_WM/J =V,

By simply applying our transformation properties derived above in succession, we observe
that,

Vi = ,&,Yuw L 1;7”7# L’ _7Z7u¢ = _Vu

AF = iy —F s S —C Py = — A,
b) Expecting an analogy with the electromagnetic current vector, we will check the transfor-
mation properties of each.
agree? agree? agree?

g 2, g S _gu g <2 g,

ve P V., wyes VI _C . _yn yes VH _cP . ~V, yes

An P, —A, no AM — S Ar po Ar 2, —A, yes

c) We will demonstrate that the weak Lagrangian,

G
Lyeak =~ TQ(VH —A)(VH— A,

is not invariant under C or P, yet is invariant under CP.
Like before, I will directly compute all of the transformations using the table made above
in part (b) above. First note that

Lyeak o< V2 — 2V, AF + A2,

When we take each of the of transformations from above, we see that
V22V, Al 4 A2 — P V249V AP 4 A2 £ L
V2oV, Ak + A2 — S V2LV, AR + A% £ Ly
V22V, Ak + A2 P Y29y AR 4 A? = L.

S0 Lyeak is not invariant under C or P by is under CP, as we were required to demonstrate.
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3. Let us define the product of the 3 discrete symmetry transformations as © = CP7. We must
show that under ©, the Dirac field transforms by the rule

OY(z)0" = P¢*(—x),

where

Like so many times before, we will proceed by direct calculation.
OY(z)0" = CPTY(t,Z)TTPICT,
= CP~'y3y(—t,)PICT,
= 1aCy' 77 (—2)CT,
—inay' 70 (W (=) )T,
= —inay' 7’y Y T (— ),
= —inay" v Y (),
= inay 7' VY (),
= Ny P* (—1).
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4. For the following derivations it will be useful to recall that

Yy

0 1 i 0 O'i
1 0 ) w = 70_1' 0 )

where

a)

b)

1 _ 0 1 2 0 —i 3 _ 1 0
U‘(1O’ =\i o) 77 o 1)
We must show that any new matrices defined by
v = Uy UT,

where U is an arbitrary 4 X 4 unitary matrix, satisfy the dirac algebra. This is proven by
demonstrating that

{7V} =29"".
Knowing that the Weyl-representation v*’s satisfy the Dirac algebra, we will directly show
that,

{77} = {Unp U, Uy UTY,
= Unl, UTUAG U + Uny, UTUAG, UT,
= Ul i + i) U,
=2Ug"UT = 29",
omep €del ettou
Consider the unitary matrix which produces the Dirac representation
=5 (41)

We must show that Up is in fact unitary and we must find the matrices v* in the Dirac
representation.
The unitarity of Up is trivial

1 1 1 1 -1
U UL = = _
P ‘2(—1 1><1 1)‘1“4'

When the matrices are directly computed, we see that

o_ (1 0 i i
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¢) We must now show that in a general frame, the Dirac spinor takes the form,
([ VEime
a-p&/VE+m )

This is demonstrated by showing that it solves the Dirac equation, or, namely, that

u®(p)

Vpuu’ (p) = mu’(p).
This is simple to evaluate directly. Noting our Dirac representation of the v*’s and that
po = F, we see

Vﬂpuus(p) = < —'p_o

‘ % ~
omep €deL der€an

d) We must show that the solution found in part (¢) is normalized in the standard way.
Given that ¢ is normalized such that €67 = 1, we see that

au=u""u=( VE+m¢ E'ﬁff/\/m)((l) _01 ) ( 5.5?/%)’

(- )?
—dle((B4m) - (7)),
E?2 4+ 2mE +m? — p?

E+m
E? +2mE +m? — E? + m?
E+m
2mE + 2m?
E+m
= 2m.

)

)

)
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